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FL&C

Formal Language Classification: definitions (1)

» Alphabet

= Finite (non-empty) set of symbols
¢ X,=10, 1} the set of symbols in binary codes
c X,={a,[,7, ..., o} the set of lower-case letters in Greek alphabet
* X, =the set of all ASCII characters

- 2, ={boy, girl, talks, the, ...} a set of English terms
» String (word)

= Finite sequence of symbols chosen from some alphabet
* §,=0110001 ; s, =06eAymA ; sS;=1781°Zp](*¢ ; s, = the boy talks
» Length of a string
= Number of positions for symbols in the string
. 0110001 |=7
» Empty string (g)
= String of length zero
* |e|=0



FL&C FLC: definitions (2)

» Alphabet closure

* The set of all strings over an alphabet
 closure operator (Kleene): *
10, 1}* = {¢, 0, 1, 00, 01, 10, 11, 000, 001, ...}
 positive closure operator : *
. TE=3U {g)
. {0, 1} ={0, 1, 00, 01, 10, 11, 000, 001, ...}

» Language
= A set of strings over a given alphabet
s LcX*
. L,={0"1" | n >1}={01, 0011, 000111, ...}
¢ Ly ={g}




FL&c FLC: grammars (1)

» A grammar s a4-tuple G = (N, T, P, S)

= /V:alphabet of non-terminal symbols

= 7:alphabet of terminal symbols

s NNnT=0

« V= NUT :alphabet (vocabulary) of the grammar
= P : finite set of rules (productions)

e P={a—>B | aeV'; agT"; BelV*}
= §:start (non-terminal) symbol

e S eN




FL&c FLC: grammars (2)

» Derivation
let oo — P be a production of G
" if 6 = yad and T = YBO
then ¢ = 1t (o produces t, 7 is derived from c)
" f6, >0, > 0, ...=> 0,
thenc, =* o,
» Language produced by G = (NN, T, P, §)
" L(G)={w | weT* ; S=>* w}

» Grammars that produce the same language are said

equivalent




FL&C

FLC: example of grammar (1)

G=(N,T,P,S)
N={ <sentence>, <qualified noun>, <noun>, <pronoun>,

<verb>, <adjective> }

the , man, girl , boy , lecturer , he , she , talks , listens ,
mystifies , tall , thin , sleepy }

<sentence> — the <qualified noun> <verb> (1)

| <pronoun> <verb> (2)
<qualified noun> — <adjective> <noun> (3)
<noun> — man | girl | boy | lecturer (4, 5, 6, 7)
<pronoun> — he | she (8, 9)
<verb> — talks | listens | mystifies (10, 11, 12)
<adjective> — tall | thin | sleepy (13, 14, 15)

<sentence>




FL&C

FLC: example of grammar (2)

<sentence>
1
the <qualified noun>  <verb>
P 10
<adjective> <noun> talks
14 6
thin boy

<sentence> =>* the thin boy talks




FL&C FLC: example of grammar (3)

G=(N,T,P,S)
N={ <goal>, <expression>, <term>, <factor>}
I'={a,b,c,-,*}

P={ <goal> — <expression> (1)
<expression> — <term>| <expression> - <term> (2, 3)
<term> — <factor>| <term> * <factor> (4, 5)
<factor> — al|b|c (6,7, 8)

}

S= <goal>




FL&C

FLC: example of grammar (4)

<goal>
1
<expression>
3 T
<expression> <term>
2 / N
<term> <tefrm> <factor>
4 4
<factor> <factor> 3
6 !
a - b * C

<goal> =* a - b * c




Pl FLC: type 0 grammars (phrase-structure)

P={aoa->B|aeV ;aegeT"; BelV*}

G=({A,S},{a,b},P,S)

P={ S — aAb (1)
aA — aaAb (2)
A - ¢ (3)
}

L(G)={a"b" | n >1)}
S—> aAb = ab

= aaAbb = aabb

= aaaAbbb = aaabbb




FL&C FLC: type 1 grammars (context-sensitive)

P={a->B|laeV ;aegl"; BeV";|al <|B}

G=({B,C,S},{a,b,c},P,S)

P={ 8 —> aSBC]|abCcC (1,2)
CB —» BC (3)
bB — bb (4)
bC — bc (5)
cC — cc (6)
}

L(G)={a"b"c"| n 21}




FL&C

FLC: type 2 grammars (context-free) (1)

P={ A—>B|AeN ;BelV"}

G=({A,B,S},{a,b},P,kS)
P={ § > aB|bA
A —> aS|bAA| a
B > bS|aBB| b

}

(1,2)
(3, 4, 5)
(6,7, 8)

L(G) = the set of strings in { a, b }* where the
number of "a" equals the number of "b"




el FLC: type 2 grammars (context-free) (2)

G=({0,X},{a,+,-,*,/},P,X)
P={ X > XXO| a (1,2)
O > +|-|*|/ (3, 4,5, 6)
)

L(G) = the set of arithmetic expressions with
binary operators in postfix polish notation




FL&c FLC: linear grammars

P={A—>xBy,A->x | AL BeN ; x,yeT"}

G=({S},{a,b},P,S)
P={ S > aSb | ab (1,2)
}

L(G)={a"b" | n >1)}




FL&C 1 . type 3 grammars (right-linear and left-linear)

» Right-linear grammars

P={A—>xB,A->x | AL BeN ; xeT"}

» Left-linear grammars

P={A->Bx,A->x | A BeN ;xeT"}




FL&C

FLC: type 3 grammars (right-regular)

P={A—>aB,A—>a | AL BeN;;aeT}

G=({A,B,C,S},{a,b},P,S)
P={ S > aA|bC (1, 2)
A > aS|bB | a (3, 4, 5)
B > aC|bA (6,7)
C > aB|bS|b (8,9, 10)
}

L(G) = the set of strings in { a, b }" where both the number
of "a" , and the number of "b" are even




FL&C

FLC: type 3 grammars (left-regular)

P={A—> Ba,A—>a | A BeN;;aeT)}

G=({A,B,C,S},{a,b},P,S)

P={ S > Aa| Sa | Sb (1, 2, 3)
A > Bb (4)
B > Ba| Ca| a (5,6,7)
C > Ab | Cb]| b (8,9, 10)

}

L(G) = the set of strings in { a, b }* containing "a b a"




FL&c FLC: equivalence among type 3 grammars

» right-linear and right-regular grammars are equivalent

A > abcB = {A > acC
C > bcB} = {A > acC
C > bD
D - cB}

» left-linear and left-regular grammars are equivalent

A > Babc = {A > Cc
C > Bab} = {A - Cc
C —»> Db
D —» Ba}




FL&C o1 . language classification (Chomsky hierarchy)

» A language is type-n if it can be produced by a
lype-n grammar

type O (phrase-structure)

type 1 (context-sensitive)

21

RYC
4,
@\\u
é‘p 2



FL&C Regular Languages: regular sets

» The following sets are regular sets over an alphabet 2
* the empty set @
* the set {¢} containing the empty string
* the set {@} containing any symbol a € X

» If P and Q are regular sets over X , the same is true for
* theunion P U Q

= the concatenation P Q= {xy | x P;yeQ}
= the closures P*e QF




FL&c RL: regular expressions

» The following expressions are regular expressions
over an alphabet 2

= the expression @ , denoting the empty set &
* the expression € , denoting the set {&}
» the expression a , denoting the set {a} where a € 2
» If p and q are regular expressions denoting the sets P
and Q , then also the following are regular expressions
= the expression p | q , denoting the set P U Q
* the expression p q , denoting the set P Q

= the expressions p* e *, denoting the sets P* e Q*




FL&C

RL: examples of regular expressions

» the set of strings over {0,1} containing two 1’s
= 0*%10*10*

» the strings over {0,1} without consecutive equal symbols
" (1e)(0D)* (0 ]e)

» the set of decimal characters
= digit = 0|12]...]9

» the set of strings representing decimal integers
= digit digit*

» the set of alphabetic characters
" Jetter = A|B|...|Z]|a|b]|...|Zz

» the set of strings representing identifiers
= Jetter ( letter | digit )*




René Magritte, This is not a pipe, 1948




FL&C

RL: algebraic properties of regular expressions

» two regular expressions are equivalent if they denote the

same regular set

> a|f=p|a

> a|(Bly)=(a|B)]y
» a(By)=(aP)y
» a(Bly)=aBlay
» (a|B)y=ay[By
> alo=a

> oe=ga=0

> ap=00=0

> oja=a

> p*=¢g*=¢

>

o' =a*a*=(a*)=aa*|e

(commutative property)
(associative property)
(associative property )
(distributive property)
(distributive property)



C ' '
e RL: equations of regular expressions

»> if ae B are regular expressions, X =o X | B is an
equation with unknown X

» X =a*f is a solution of the equation
" aX[P=aa’'B|p=(aa’|g)f=a’P =X

» a set of equations with unknowns {X,,X,, ... , X }1s
composed by n equations such as:
X; = oy | oy Xy | o Xy | e [ oy, X
where each oy;; 1s a regular expression over any alphabet

without the unknowns




FL&C

RL: solution of sets of equations

{

for (int i=1 ; i<n ; i++) {
put the equation i in the form X =a X |[3;

substitute X, with o' in the equations i+l...n;

}

for (int i=n ; 1i>0 ; i--) {
// the i-th equation is in the form X =a X |f
// where a and B do not contain unknowns
solve the i-th equation: X =a'f};
substitute X, with o' in the equations i-1...1

14

14




FLac RL: example of solution of sets of equations

f A=1A OB
B=1A|0C|0
C=0C|[1C|0]|1

)

A =1*0B
B=11*0B|0C |0 = B=(11%0)*(0C | 0)
C=0|1DC|0]1 = C=(0]|1)*©O]|1)

{C=0D*O|1)
B=11%0)*(0(0 | 1)*(0 | 1) | 0)
A = 1*0(11%0)*(0(0 | 1)*(0 | 1) | 0)

)




FL&C

RL: right-linear languages < regular sets

> let G=({A,,A4,,...,4}, T P, A,) be aright-linear grammar
» let us transform each rule of the grammar:

A —a,lo, Ao, A |...[o, A

n n

into an equation of regular expressions :

A=y | 0 Ayl oy Ay | eel [0y, A

n

» let us solve the resulting set of equations

» the language L(G) generated by the grammar is denoted by the

regular expression corresponding to the symbol A,




Pl RL: regular expression of a right-linear language

G=({4,8,5}.{0,1}, P,S)

P={S—>0A|1S|0 { S=0A|1S|0
A—>0B|1A = A=0B|1A
B—>0S|1B B=0S|1B
) )

B=1*0S

A=1*0B=1%01*0S
S=01%01*0S [1S|0 = (01*01*0 | 1)S |0

S=(01%01%0 | 1)*0 denotes L(G)




jais RL: regular sets c right-linear languages (1)

» the regular sets : O, {e},{a laex } can be
generated by right-linear grammars

" G,=({5},=, D,9) = L(G,)=0Q
" G2=({S})Z){S_)8})S) = L(G2)={8}
= G,=({S},Z,{S>alaecz},s

= L(G,)={a} whereae X




jais RL: regular sets c right-linear languages (2)

» let G,=(N,,X,P,, S, and G,=(N,, X, P,, §,) be right-linear
grammars where N, N, =

> the language L(G,) U L(G,) = L(G,) is a right-linear language
» G,=(N,UN,U{S},=,P,UP,U{S,>S,|S},S5)
> the language L(G,) L(G,) = L(G, ) is a right-linear language
* G,=(N,UMN,,2,P,UP.,S) ;3 P,={A—>xB if A>xB € P,
A—>xS, it A>x € P,}
> the language L(G, )" = L(G, ) is a right-linear language
" G,=(N,U{S},2, {5,585, |euP,S);
P={A—>xB if A—>xB € P,
A—>xS, if A->x € P}




FL&C RL: regular sets = right/left-linear languages

» right-linear languages C regular sets
» regular sets C right-linear languages
» right-linear languages = regular sets

> left-linear languages = regular sets

= the equation of regular expressions X = X o | B has the
solution X = o

" 1t 1S possible to solve sets of equations corresponding to the
rules of a left-linear grammar

" 1t 1s possible to define left-linear grammars that generate any
regular set

» right-linear languages = left-linear languages




FL&C

RL: regular expression of a left-linear language

P={Z->U0
U->Z1
VoZ0

)

G=(QU,V2},{0,1}, P, 7)

Vi1
0 =
1

Z=(Z1]0)0]|(Z0| 1)1 =
=710(00|Z 01|11 =
=7.(10|01) | 00 | 11

Z.=00]|11) (10| 01)* denotes L(G)

{Z=U0|V1

)

U=Z71]0
V=Z70]|1




FL&c RL: deterministic finite automata (DFA)

»ADFAisa5-tuple 4=(0,2, 9, q,, F)

= () : finite (non empty) set of states
= J': alphabet of input symbols

= §: transition function
e 0: O0xX—> 0
" q,:start state

* qer

s F': set of final states




FL&C

RL: an example of DFA

A=(0.2,0,4, F)

Q:{qo:q1’q2:q3}

>={0,1}
6(qy.90) =q, 6(qy.1) =g,
6(q;.0)=gq; 6(q;.1) =g,
6(q,.0) =g, 6(q,.1) =q;
6(q5.0) =g, 6(q;.1) =q,

F={q,}




FL&c RL: transition table / diagram of a DFA

» transition table
" tabular representation of the transition function

» transition diagram: a graph where

= for each state in the automaton there 1s a node

= for each transition o(p,a ) =g¢ thereis an arc
from p to g labeled a

" the start state has an entering non labeled arc

= the final states are marked by a double circle




FL&C

RL: representations of a DFA

0 1
>%qy | 4, | 4,
4 | 4 | 4 ,
“% | 4 | 4 \z/\
93

\/

;




FL&c RL: the language accepted by a DFA

» The domain of function 6 can be extended from
O x2 to QO x2*

" 0(q.8)=¢q
" 6(q,aw)=06(0(q,a),w) whereae X ; wel”

» Language accepted by A =(Q, 2, 0, q,, F)

" L A)={w |wel* ; 6(q,,w)eF}




FL&c RL: how a DFA accepts strings

011101 € L(A)
01101 ¢ L(A)




FL&C RL: examples of DFA (1)

» L(A) = the set of all strings over {0,1} with at
least two consecutive 0’s

q,: strings that do

not end 1n 0

0 D 1 g, : strings that end

with only one 0




FL&C RL: examples of DFA (2)

» L(A) = the set of all strings over {0,1} with at
least two consecutive 0’s or two consecutive 1°s

q,: strings that do not end

mOorinl

q,: strings that end with

only one ()

q,: strings that end with

only one 1




FL&C RL: examples of DFA (3)

» L(A) = the set of all strings over {0,1} having
both an even number of 0’s and an even number

of 1’s
t /‘\ q, : strings with even # of
\/

q,: strings with odd # of

0’s and odd # of 1°s
> 0’s and even # of 1°s

/_\

C

q,: strings with odd # of
0’s and odd # of 1’s




FL&C RL: examples of DFA (4)

» L(A) = the set of all strings over {0,1} ending in
" 010 A

q,: strings not ending in 0 or in 01

q, : strings ending in 0 but not in 010

q,: strings ending in 01




FL&C RL: examples of DFA (5)

» L(A) = the set of all strings that represent positive
binary integers (pbi) multiple of 3

phi € {0,1}* pbi 0 :=2 x pbi
pbi = (pbi div3) x3 + (pbi mod 3) pbi 1 :=2 x pbi +1

q,: Integers that give remainder 0

\/1\ o when divided by 3

g, : integers that give remainder 1

0 o )o || when divided by 3

1 || ¢, : integers that give remainder 2
D when divided by 3




Fle RL: non-deterministic finite automata (NFA)

»AnNFAisa5-tuple 4=(0Q,2,90,q,, F)

= () : finite (non empty) set of states

= J': alphabet of input symbols
= §: transition function

* 0 Qx> p(0) #(0) : power set of O
= g, : start state (the set of all subsets)

. | (Q)ll =21

* q,€0

" F': set of final states




FL&c RL: the language accepted by an NFA

» The domain of function 6 can be extended from
O xX to Ox2* to p(0) x2*

" 0(q.8)=1{q}

" 0(q.,aw) = U, 6(p;,,w) where p.€6(q,a)

" 0({49,. 95 .9, w) =Y, 6(q.w)

» Language accepted by 4 =(0Q, 2, 0, q,, F)

= L A)={w | welX* ; 6(q, w)NF = D}

=, » @ DFA 1s a special case of NFA



FL&C

RL: examples of NFA (1)

» L(A) = the set of all strings over {0,1} with at
least two consecutive 0’s or two consecutive 1°s

0,1

1 0
@ 1 :
0,1

O11D* @O0 1) O] D"




FL&C RL: examples of NFA (2)

» L(A) = the set of all strings over {0,1} ending in
" 010 "

0| 1)* 010




FL&C RL: equivalence of NFA and DFA (1)

0, =149,.9;. 9,}
O, =195, 9.9, 495. 99}




FL&C RL: equivalence of NFA and DFA (2)

»let N=(0y,2, oy.q,,F,) bean NFA

» letus constructa DFA D=(0,, 2, 6,,1{4q,}. Fp)

" 0, p(Qy)
* 5,(S,a) =y, 6y,(p;,a) where p.eSeQ,
» F,={S |S€0,; SNF, =D}

» by construction L(D) = L(N)

» NFA = DFA ( FA : finite automata)




FL&C

RL: constructing a DFA from an NFA (1)

O11D=* @O0 1) O] D"

0 1
qo/ 0 \q 1 0, | >4y 9093 | 4,95
0,1 0, | Wpq3 [40.9;.95 149.95}
1 0 0, | 4,493 |49} |{409:93
| ' Qs | "Wo-9195 091953 90-92-935
@ 1 =/ ). 0, | *49.9>.95 99-9:-95}| 99-9>-95
NFA 0,1




Pl RL: constructing a DFA from an NFA (2)

0 1

Qo _>{q0} {qoxqz} {qo}

%0()> ! =\q1 0, 413 4,9, | 14,9

0, | 4,493 149y.49,.95 14,}
1 Q3 *{qo:q1’q3} {qo:q1} {qo:qz}

A

0] 1)* 010
DFA

®
&
@Q_




FL&C RL: FA languages c regular sets (1)

» it 1s possible to eliminate states in an FA

* maintaining all the paths

= labeling the transitions with regular expressions




FL&C RL: FA ]anguages - regular sets (2)

> given a finite state automaton F4 = (Q, 2, 0, q,, I) , add an

initial state A and a final state 2

> eliminate all the states in FA

» the union of the labels on the transitions from A to £2 gives the
regular expression of the language L(FA)




FL&C RL: from FA to regular expressions (1)

» L(A) = the set of all strings over {0,1} containing a "1" in the
first or second position from the end

0.1 » adding the states A

\@f) I : 0.1 : and.Qﬂv

D @5) 1 @ 0|1 :

€ €




FL&C RL: from FA to regular expressions (2)

01 0|1

» eliminating ¢, C € @0 1 =\/@
e

0f1 1(0[1)
» eliminating ¢, /\@
\/

1

O[)*O[1) | 1)

» eliminating ¢, O
A

@




FL&C RL: from FA to regular expressions (3)

» L(A) = the set of all strings over {0,1} containing at least two
consecutive " 0 "

0 » adding the states A

— 1
\1/@ 0 | and (2
! o] N

0 (
—
0
1




FL&C

RL: from FA to regular expressions (4)

» eliminating ¢,

» eliminating ¢,

» eliminating ¢,

0
@ @C@ O @)
1

01
@ e @\ 00(0|1)* :@
o}

@ (01|1)*00(0|1)*:@




FL&C RL: regular sets — FA languages (1)

> the regular sets : D ,{e},{a},a e X are accepted
by finite state automata

: D J > L(4,)=O
. [A\‘J = L(4,)={g}

2

. Ll\; a J = L(4,)={a},aeX




FL&C RL: regular sets — FA languages (2)

> let 4,=(0,,2,06,4q,,F) and A4,=(0,, 2%, 0, q,, I, be finite

state automata

> the language L(A4,) U L(A,) is accepted by a finite state automaton A,

s , R

@, 0.
ol " 250

\A, \Az@j W




FL&C RL: regular sets ¢ FA languages (3)

> the language L(A4,) L(A,) 1is accepted by a finite state automaton A

4 )
€ € €

A5 Y

> the language L(A4,)* 1is accepted by a finite state automaton A4,

4 € )

Ay £ Y,




FL&C

RL: from regular expressions to FA

0*(1%0 | 10*)1*

1*0
29/—\‘ Ql
\_/@
0 10*

1
8/'0\0 (N
‘@EO/@




FL&C RL: NFA with e-transitions (¢-NFA)

» in the construction of FA from regular expressions, the
gtransitions make the automata non-deterministic

» the function &-closure (q) gives the set of states that
can be reached (recursively) from state ¢ with the
empty string

g-closure (q,)=1{q4,.9,.9;.9,}

» gclosure({q,.q,,...,q,}) = U, &closure (q,)




FL&c RL: equivalence of e-NFA and DFA

»let N=(0y,2, 0y.q,, Fy) bean &-NFA
> let us constructa DFA D=(0Q, .2, ¢,,, &closure(q,) , F,)
" 0,c p(0y)

= 0,(S,a) = eclosure (U; 6,(p;,a)) where p.e S e 0,

» F,={S | SeQ, ; SNF, # D}

» by construction L(D) = L(N)




FL&C

RL: constructing a DFA from an e-NFA

e-NFA

1
€

o

0 1
0, |29 |409:.953|149:.92-95}
0, | *40.9:-95 149-9:-953 |14,.9,.953
Q, |*49:.9:95 | 492.958 | 4195
0; |*4,95%5 |4,95 |45
0, ["4,.93 |43 {9;.4;5
0; | *{4;} - {5}




FL&C

RL: from regular expressions to DFA

(010 | 01%)*

01+

e-NFA () 1
0

%

010 € &
0
O ()41
0 1
\

0, |~ 4,49 90995 | 145}
Qz *{qo’qz’qz} {qo:qz’qz} {qo:q1’q2:q3}
0, {4;} 4.9 -
Q3 *{qo’qz’qz’qj’} {qa’qz’qz} {qo’qz’qz’qj’}

DFA




FL&C RL: FA languages = regular languages (1)

»let G=(N, T P, S) bearight-regular grammar
» letus constructan FA A=(0, T, o, S, F)
s 0=N U{Q) with QgN
. F={Q)
« 5={ 5(4,a)=B ifA>aB c P
SA,a)=Q ifAd—>a e P}

» by construction L(G) = L(A)




FL&c RL: from right regular grammars to FA

G=({4,5},{0,1}, P, §)

P={§—>04
A—>0A4|15]|0

}
o e XNG

S>> O 0A=>00A=0018S=0010A=00100




FL&C RL: FA languages = regular languages (2)

»let G=(N, T P, S) bea left-regular grammar
» letus constructan FA A=(0, T, 6, 1, {S})
= O=NuU{l} with I¢N
. F={S)
» 5={ 5(B,a)=A ifA>Bac P
s,a)=A ifA—>aeP)

» by construction L(G) = L(A)




FL&c RL: from left regular grammars to FA

G=({4,5},{0,1}, P, §)

P={§—>5>A40
A—>A40|51]|0

}
0

ORIV ®

! :A‘\l/

S>> A0 = A00 = S100 = A0100=00100




FLéc RL: from FA to regular grammars

G,=({A,B,C}, {01}, P, A)

P,={A—>1A4|0B
B—>1A4|0C|0
cC—>0C|1C|0]|1

1 0,1 !

G,=({A,B,C} {01}, P, C)

P,={C—>CO0|C1|B0
B—>A40]0
A—>A1|B1|1

)




Fle RL: minimum-state DFA

»let DFA=(0Q, 2, 0, q,, F) be a deterministic finite

state automaton

» two states p and g of DFA are distinguishable if there
isastring we Y*suchthat 5(p, w)e F ¢ 6(q,w) ¢ F

» two states p and g of DFA are equivalent (p=gq) if

they are non- distinguishable for any stringw € 2'*

» a DFA is minimum-state if it does not contain equivalent

states




FL&C RL: minimization of DFA (1)

» two states p and g of DFA are m-equivalent (p =, q)
if they are  non-distinguishable for all the strings
we 2* with (w < m

" p=,q if peF,qeF o peF;q¢F

= if p=_¢q and forany a2, 6(p,a) =, 6(q.a)
then p = ., ¢

" if p=_q and m=||Q||-2 then p = g¢q

» the equivalent states can be determined by partitioning

the set O 1n classes of m-equivalent states,
for m=0,1, ..., |[|0| -2




FL&C RL: minimization of DFA (2)

011
N &/
OO

0
DFA 0

[1,: {C},{4, B,D,E, F, G} \@ 0 r\1
[l,: (C.{A, F, G}, B, D}, (E} 1\\\

IL: {C}, {4, G}, {F}, {B, D}, {E}

M. - 14, G, {FY, (B, D\, {E minimum-
"—[3 W b 4 b iES state DFA




FL&C RL: complement of regular languages (1)

» the complement of a regular language is a
regular language

" let DFA=(0,2, 0, q,, I) beacompletely
specified deterministic finite state automaton

e there 1s a transition on every symbol of 2 from every
state

= the automaton DFA,. =(0, 2%, 6,4, O-F)
accepts the language
L(DFA,;) = 2*- L(DFA) = — L(DFA)




FL&C RL: complement of regular languages (2)

DFA




Fle RL: intersection of regular languages (1)

» the intersection of two regular languages is a
regular language

u leLZ — —|(—|L1U _ILZ)
> let DFAI =(Q1, 2, 51; qop F])
DFA,=(0Q,, 2, 0, q,,, F,)
= the automaton
DFAI =(Q1X QZ’ 2,0, (qop qoz)’ F1XF2)’
where: 0 ((p,q),a) = (0,(p, ), 0,(q, a)) ,

accepts the language :
L(DFA,) = L(DFA,) N\ L(DFA,)




FL&C

RL: intersection of regular languages (2)

DFA

0

0 DFA




Pl RL: equivalence of regular languages

> it 1s possible to test if two regular languages are the
SAImMe
" DFA,=(Q,, %2, 0, 99, ) ; DFA,=(Q,, 2, 0, qyy, F))
= let us find the equivalence states in the set O, U O,

» if gq,,=q,, then L(DFA, = L(DFA,)

I1,: {4,C D}, {B, E}

@ I1,: {4,C, D}, {B, E}
&

JoRS

1 L(A.) =
1 3/ (A) = L(A,)
1

A,




Pl RL: applications of regular languages

» Finding occurrences of words, phrases, patterns in a
text

» software for editing , word processing , ...

» Constructing lexical analyzers (scanners)

= compiler components that break the source text into lexical
elements

* 1dentifiers, keywords, numeric or alphabetic constants, operators,
punctuation, ...

» Designing and verifying systems that have a finite
number of distinct states

= digital circuits, communication protocols, programmable
controllers, ...




FL&C

RL: Molecular realization of an automaton

An mput DNA
molecule (green/blue)
provides both data and
fuel for the
computation. Software
DNA molecules
(red/purple) encode
program rules, and the
restriction enzyme
FokI (colored ribbons)
functions as the
automaton’s hardware.

Ehud.Shapiro@weizmann.ac.il




FL&C

Context-Free Languages: parse trees (1)

» a parse tree for a context-free grammar (CFG)

G

=(N, T, P, S) 1s a tree where

the root 1s labeled by the start symbol §
each interior node 1s labeled by a symbol in NV
each leaf is labeled by a symbol in VU T U {&}

an interior node labeled by 4 has children (from left to right)
labeledby X,,X,,..., X, onlyit 4 - X, X, ... X, 1s
a production in P

» yield of a parse tree

string obtained by concatenating (from left to right) the labels
of the leaves



FLac CFL: parse trees (2)

G:({E},{a,+,-,*,/,(,)},P,E)
P={E > E+E| E-E| ExE| E/IE| (E) | a}

/]\ E =% a*(a-a)+a
ield
PN 4




jlsis CFL: leftmost / rightmost derivations

> leftmost derivation

» the leftmost non-terminal symbol 1s replaced at each
derivation step

s £E DE+E = ExE+E Da*xE+E=a*x(E)+E
—a*(E-E)+E=ax*x(a-E)tE=ax*(a-a)+E
—ax*(a-a)+a

» rightmost derivation
» the rightmost non-terminal symbol 1s replaced at each
derivation step

 £E DE+E = E+a = ExE+a = Ex(E)+ta =
Ex(E-E)+a = Ex(E-a)ta=Ex*(a-a)ta=
a*(a-a)+ta




FL&C

CFL: ambiguity

»every string in a CFL has at least one parse tree

» each parse tree has just one leftmost derivation
and just one rightmost derivation

»a CFG is ambiguous if there is at least one
string 1n 1ts language having two different parse
trees

»a CFL 1s inherently ambiguous if all its
grammars are ambiguous




FL&C

CFL: ambiguous grammars (1)

G,=({E}.{a,*,-,*,/,(,)}, P, E)

P,={E > E+E| E-E| ExE| EIE| (E) | a}

m

TN

m
+
D m

E

AN
E * E
AN
a E + E
a

a

E =

a*at+a




FL&C CFL: ambiguous grammars (2)

G,=({S},{if,then,else,e,a)},P,,S)
P,={S — ifethenSelse S| ifethen S | a}

S S
AN =7\
if e then S else S if e then S
if e then S a if e then ‘S else S
a a a

S =% ifethen if e then a else a




FL&C

CFL: equivalent non-ambiguous grammars

G3=({E,T,F},{a,'l',',*,/,(,)},P3,E)
P;={E > E+T | E-T| T

T > T+F| TIF|F

F > (E)| a

}

L(G) = L(Gy)

G,=({S,M,U}, {if,then,else,e,a)},P,,S)
P,={ S> M| U

M — ifethen Melse M | a

U — ifethen Melse U | ifethen S

}

L(G) = L(G))




FLac CFL: eliminating useless symbols in CFG

» asymbol X isuseful fora CFG=(N, T, P, S) if
there is some derivation § =2>*a Xp =>*we T*

= auseful symbol X generates a non-empty language:
X =>*xeT*

= auseful symbol X 1s reachable:
S =>Fa X
» eliminating useless symbols from a grammar will not
change the generated language
1. eliminate symbols generating an empty language

2. eliminate unreachable symbols




FL&c CFL: finding the useful symbols in CFG

» finding symbols generating non-empty languages
= every symbol of 7" generates a non-empty language

" 1f A - o and all symbols in o generate a non-empty
language, then A4 generates a non-empty language

» finding reachable symbols
= the start symbol § is reachable
" 1f A > o and A 1s reachable, all symbols in o are reachable




FL&C

CFL: symbols generating an empty language

G =({S,A,B,C},{a,b},P,,S)
P,={S - Aa|bCb

A > aBA|bAS

B > aS|bA|b

C > aSala}

{a,b}u{B,C}u{S}

{A}

symbols generating a non-empty language :

symbols generating an empty language :

GZ=({S!B!C}!{a!b}!PZ!S)
P,={ S—> bCb

B > a$S|b

C > aSala}

L(G) = L(G)




FL&C

CFL: unreachable symbols

P,={S—> bCb
B —»> aS|b
C > aSala}

GZ=({S)B! C},{a,b},Pz,S)

reachable symbols :

unreachable symbols :

{5}

{S}u{b,C}u{a}

G;=({S,C},{a,b}, P;, S)
P;,={ S§ > bCb
C > aSala}

L(G)) = L(G) = L(Gy)




FL&C CFL: g-productions in CFG

» according to the Chomsky classification, only
type 0 grammars can have &-productions

»anyway the languages generated by CFG’s that
contain &-productions are CFL

* a CFG G, with e-productions can be transformed
into an equivalent CFG G, without s-productions :

L(G)) = L(G)) - {e}
"ifA4A->X,...X;...X, 1sin P, and X, =>%¢ ,
then P, willcontam A4 —>X,... X, ... X,
and A->X; ... X ; X ;... X,




FL&C

CFL: eliminating e-productions in CFG

G,=({S,A,B},{a,b},P,,S)
P,={ S —> aAl|b

A > BSB| BB]a

B - aAb|b |¢

}

symbols that gencrate € - {B, A}

GZ=({S’A!B}!{a!b}!P2!S)

P,={ S > aA|b]a
A > BSB| BB|a|SB|BS|S|B
B - aAb|b |ab
}

L(G) = L(G)




FL&C CFL: pushdown automata (PDA)

»APDAisa7-tuple P=(0,2,1I,0,q, Z,, F)

= () : finite (non empty) set of states

= J': alphabet of input symbols
= [': alphabet of stack symbols

= ' transition function

* 60 Ox(Xu{e})xI > {(p,»NIpeQ; yel}
= q,:startstate (g, € Q)
= Z,:start stack symbol (Z, e I)

= F:sctoffinal states (F < Q)




FL&C CFL: transitions of PDA (1)

>5(q’a"X)={(p1’ 71)9(p29 7/2)9 ?(pm’ 7m)}
* from state ¢ , with « in input and X on top of the
stack:
« consumes a from the input string

* goes to a state p, and replaces X with ¥,
* the first symbol of y; goes on top of the stack

»0(q,e,X)={(pP1>7D(P2s¥)seees (P> 7))}
* from state ¢ , with X on top of the stack:

* no input symbol is consumed

* goes to a state p, and replaces X with y;
* the first symbol of y; goes on top of the stack




FL&C CFL: transitions of PDA (2)

» instantaneous configuration of a PDA: (g, w, ¥)
" ¢ :current state

" w:remaining input string
= y: current stack contents

> transition:
" if 6(g,a,X)={....(p,a),...}, then

(q9 aW’Xﬂ) I_(pywy aﬂ)




FLac CFL: languages accepted by PDA

» Language accepted by final state by the PDA
P=0,2, I''0,q9, Z, F)

" L(P)={w |welX*; (q,,w,Z)H(q,¢€, a) ;
q € F}

» Language accepted by empty stack by the PDA
P=0©,2 I, 6,4,Z,,J)

s NP)={w |wel*; (q,,w,Z)-(q,¢€,¢)}




FLac CFL: example of PDA

P=({4q,,9,}.{0,1},{0,1,2},6.,q,.Z,9)

6(4,,0,2) =1{(q,,02); 6(q,.1,2)=1{(q,,12)}
6(q,.0,0) ={(q,,00).(g, &)} 6(qy,1.,0)=1{(q,,10)}
6(q,.0.,1)=1{(q,,01)} 6(q,.1,1)=1{(q,,11).(¢, . &)}

6(4,,0,0)=1{(q,.8)} 6(q,.1,1)=1{(q,,8)}
5(q098:Z):{(q198)} 5(q198:Z):{(q198)}




FL&C CFL: graphical notation for PDA

0,Z/0Z
1,Z/1Z
0,0/00
1,0/10 0.0/¢
0,1/01 1,1/¢
1,1/11 0,0/¢ €,7/¢

() 1,1/¢
€, Z/¢€ Q

NP)={wwk| we {0,1}*}




FL&C

CFL: configuration sequences of PDA

(q9,,001100, 72) <« initial configuration
T

(9,,01100, 02) — (¢q,,1100, Z2) — (q,,1100, €)
T
(¢9,,1100, 002)
T
(¢9,,100,1002) — (q,,00,11002) — (¢4,,0,011002) — (gq,,&,0011002)
T T
(9,,00,002) (q9,,€,11002)
T
(4,,0,02)
T
4;5€,2)

T
(q 715€5 €) < accepting configuration




FLac CFL: deterministic pushdown automata (DPDA)

»A PDA P=(0,2,I''6,q),Z, F) is
deterministic (DPDA) 1f:

* 6(q,a,X) hasatmostone member for any
geQ ., aceXuie}), Xel
" if 6(q,a,X) # D forsome a e,
then 6(q,e,X) = I
» the languages accepted by DPDA are properly

included ( <) 1n the languages accepted by PDA

» the language {ww®| we {0.,1}*} isnotaccepted by
DPDA




FL&C

CFL: example of DPDA

0,Z/0Z
1,Z/1Z
0,0/00
1,0/10
0,1/01
1,1/11

C,O/O e,/ /¢

c,1/1
c,Z/7 Q

oy

NP)={wewR| we {0,1}*}




FLac CFL: PDA languages = CFL

»let G=(N, T P S) bea context-free grammar
> letus constructa PDA = ({q}, T, I, 5, q,S, D)

s ['=NuUT
= 6={6(q,e,A)={(q, a) foreach A > a € P}
0(q,a,a)={(q,€)}foreach ae T

)

» PDA accepts L(G) by empty stack, making a sequence
of transitions corresponding to a leftmost derivation




FL&C CFL: from CFL to PDA (1)

LG)y={wwR| we {0,1}*} S—> 0S80
= 00S00

G=({5},{0,1},P, 5)
P={S - 080|181 |¢} |= 0015100
> 001100

P=({q },{0,1},{0,1,5},6,4,5,9)
6(q.€,5) =1{(q,050),(¢,151),(¢.¢)}
6(9,0,0)={(q.¢)}

6(¢,1.1)={(q.9}




FL&C CFL: from CFL to PDA (2)

initial configuration

4
(4,001100,S5) ...
T
(¢4,001100,050) — (¢,01100,50) + ...
T
(4,01100,0500) — (¢,1100,500) ...

T

T
s (¢,8¢) — (¢,0,0) — (¢,00,00) - (¢,100,100)

accepting configuration

(¢,1100,15100) — (¢,100,5100) — ...




FL&C CFL: properties of CFL

» the CFL’s are closed under the operations:
" union
= concatenation

" Kleene closure
» the CFL’s are not closed under the operations:
" complement

= jntersection

» it 1s possible to decide membership of a string w in a CFL
by algorithms (Cocke-Younger-Kasamy, Earley, ...)
with complexity O(n’), where n= |w|




FL&C CFL: deterministic context free languages

» the deterministic CFL’s ( the languages accepted by
DPDA) are closed under the operations:

" complement

» the deterministic CFL’s are not closed under the
operations:
" union
" jntersection
" concatenation
" Kleene closure

> 1t 1s possible to decide membership of a string w in a
deterministic CFL by algorithms with complexity O(n) ,
where n = |w)|




gl CFL: applications of context free languages

» Representation of programming languages
* grammars for Algol, Pascal, C, Java, ...

» Construction of syntax analyzers (parsers)

= compiler components that analyze the structure of a source
program and represent 1t by means of a parse tree
» Description of the structure and the semantic contents
of documents (Semantic Web) by means of Markup
Languages

» XML (Extensible Markup Language) , RDF (Resource
Description Framework) , OWL (Web Ontology Language) ,




FL&c Turing Machines

»ATMisa6-tuple M=(Q,2,I',0,q,,F)

= () finite (non empty) set of states

= J':alphabet of input symbols (B & 2)
= J': alphabet of tape symbols (B € I ; 2 [")

« the tape extends infinitely to the left and the right

* the tape initially holds the input string, preceded and
followed by an infinite number of B symbols

= §: transition function
e 0: OxI' > OxI x{L,R} (L=left,R=right)
= ¢q,:startstate (g, € O)

» F:setoffinal states (F < Q)




FL&C TM: transitions of a TM (1)

>5(q’)() = (p) Y’L)
* from state ¢ , having X as the current tape
symbol:

e goes to state p and replaces X with Y
* moves the tape head one position /eft

>5(q’)() = (p) Y’R)
* from state ¢ , having X as the current tape
symbol:

e goes to state p and replaces X with Y
* moves the tape head one position right




FL&C TM: transitions of a TM (2)

> instantaneous configuration of a TM:
(X;. X9 X; ... X,)

" ¢ :current state

" X,... X, ; X;... X, : current string on tape

= X : current tape symbol




FL&C TM: transitions of a TM (3)

> transition:

» if 5(¢q,X;)=(p,Y,L), then
(X7 Xy g Xi oo Xo) = (X7 oo Xip p X Y X4y -0 X))
«ifi=1, then (¢4X,..X,) — (?BYX,...X,)
+ ifi=n and Y=B, then (X, . X, ,¢X,) — (X, . X,,p X, )

" if 5(¢q,X;)=(p,¥Y,R) , then
(X7 Xy g Xi oo X)) = (X7 X Yp Xy o0 X))
e ifi=land ¥Y=B, then (9X; ...X,)) - 0 X,...X,)

e ifi=n, then (X;...X _,9X,) — (X;...X,; YpB)




FL&c TM: language accepted by a TM

» Language accepted by a TM
M=(Q,2,1I',0,4,,F)

"LM)={w |welX*;(q,w)"(aqB);q€F}




FL&C

TM: example of TM

M:({q09q19q29q39q4}9{091}9{0919X9Y9B}’5’q0’{q4})

5 0 1 X Y B
—>4, |(q;, X, R) (45, Y, R)

q; |(q;,0,R) | (q,,Y,L) (4;, Y, R)

q, |(q,,0,L) (99X, R)|(q,, Y, L)

q; (45, Y,R) |(q,, B, R)
*q,

LM)={0"1" | n =1}

(9,0011) |- (Xq,011) |- (X0q,11) |- (Xq,0¥Y1)  [¢,XO0¥1) | (Xq,0¥1) |-
(XXq, Y1) — (XX¥q,1)  (XXq,YY)  Xq,XYY)  (XXq,YY)  XXYg;Y)
(XXYYy,B |- (XXYYBq, |- <« accepting configuration




FL&C

TM: recursive sets

» the languages accepted by TM'’s are called recursively
enumerable sets and are equivalent to the fype 0
languages (phrase structure)

» Halting problem

* a TM always halts when 1t is 1n an accepting state

" 1t 1s not always possible to require that a TM halts 1f it does
not accept

» the membership of a string in a recursively enumerable
set 1s undecidable

» the languages accepted by TM’s that always halt are
called recursive sets

» the membership of a string in a recursive set is
decidable




Pl TM: decidability / computability

» the TM defines the most general model of computation

" any computable function can be computed by a TM
(Church-Turing thesis)

» the TM can be used to classify languages / problems /
functions
" non recursively enumerable
 cannot be represented by any TM
» recursively enumerable / undecidable / uncomputable
 represented by a TM that not always halts

= recursive / decidable / computable
 represented by a TM that always halts (algorithm)




